We look for differential equations of the form
where the coefficients {c i (x)} ∞ i=0 do not depend on n, for the generalized Jacobi polynomials P which are orthogonal with respect to an inner product of Sobolev type.
We introduce a method which makes use of computeralgebra packages like Maple and Mathematica and we will give some preliminary results.
Introduction
In 1984 T.H. Koornwinder (see [6] These generalized Jacobi polynomials generalize the Legendre type and the Jacobi type polynomials found by H.L. Krall . See for instance [9] , [10] and [7] . As a limit case Koornwinder also found generalized Laguerre polynomials L α,M n (x) ∞ n=0 which are orthogonal on the interval [0, ∞) with respect to the weight function 1 Γ(α + 1)
It is well-known that these generalized Jacobi and generalized Laguerre polynomials satisfy a linear second order differential equation with coefficients depending on n, but of bounded degree. See for instance [6] . Now we are looking for differential equations of the form
where the coefficients {c i (x)} ∞ i=0 are independent of the degree n. In [9] , [10] and [7] several special cases were treated. Later more special cases were found by A.M. Krall and L.L. Littlejohn. See [12] , [8] and [11] .
These differential equations we are looking for are studied in spectral theory. A survey of orthogonal polynomials and spectral theory was given in [1] . A large number of references can be found there.
In [2] J. Koekoek for all α > −1. This result generalizes the results found for special cases of the Laguerre type polynomials. In fact we showed that this differential equation is of infinite order in general, but reduces to finite order for nonnegative integer values of α. See [2] for more details and section 3 of this paper for more results concerning the coefficients of this differential equation.
In [5] R. Koekoek which are orthogonal with respect to the following (Sobolev) inner product :
. In this paper we deal with the problem of finding a differential equation of the above type for both the generalized Jacobi polynomials
and the polynomials
The differential equation found in [2] was computed by hand, without the help of computers. This is nearly impossible for these other cases. We need computers to handle the very huge expressions we have to deal with.
The method
In this section we will describe the method we use to discover a linear differential equation satisfied by polynomials which are defined as a linear combination of classical orthogonal polynomials and their derivatives. These polynomials depend on x, the parameters of the classical orthogonal polynomials and on some extra parameters, say M and N .
As an example we look at the polynomials
which are defined by
where the coefficients A 0 , A 1 and A 2 depend on n, α, M and N . Moreover, A 0 , A 1 and A 2 are linear combinations of 1, M , N and M N . These generalized Laguerre polynomials are defined in such a way that L α,0,0
n (x). See [5] and section 4 of this paper for more details. Now we start from the well-known (second order) differential equation for the classical orthogonal polynomials, which is
in the Laguerre case. If we substitute the new generalized orthogonal polynomials into the left-hand side of this classical differential equation we get an expression which can be seen as a polynomial in M and N . Now we add a linear combination of M , N and M N depending on y, y ′ , y ′′ , etc. to the left-hand side of this classical differential equation and set this expression equal to zero. We hope that this is the new differential equation we are looking for. Our example leads to the differential equation
Now we substitute the new orthogonal polynomials into this new differential equation and then the left-hand side becomes a polynomial in M and N with coefficients involving the classical orthogonal polynomials. Since this differential equation must be valid for all possible values of M and N , and M and N are supposed to be independent, all coefficients of this polynomial must be equal to zero. This gives us several equations in terms of unknown coefficients and of the well-known classical orthogonal polynomials. We remark that in case of dependence of M and N we have to deal with a completely different problem, since then we have a polynomial in one variable instead of two. We want the coefficients of y ′ , y ′′ , etc. to be independent of the degree n. So, if we substitute small values of n into these equations we get rather simple equations for the coefficients we are looking for. In general, these equations are huge expressions and are very difficult to handle. But here we use computers to do these huge calculations. The mathematics used is very simple, but the formulas are too big to do this by hand. The calculations we did here were done by using Mathematica and sometimes Maple. Both computeralgebra packages can do these calculations easily, but they use a lot of computermemory. On a workstation with 8 megabytes of internal memory some calculations took several hours.
The infinite order Laguerre differential equation
In [2] the following theorem was proved without the use of computers :
where
are continuous functions on the real line and
Moreover, the functions {a i (x)} ∞ i=0 are polynomials given by
For α = 0, 1, 2, . . . we have degree[a i (x)] = i, i = 1, 2, 3, . . .. This implies that if M > 0 the differential equation (1) is of infinite order in that case. For nonnegative integer values of α we have
This implies that for nonnegative integer values of α and M > 0 the differential equation (1) is of order 2α + 4. This differential equation was found by setting y(x) = L α,M n (x) and by substituting small values of n in (1). Since the coefficients {a i (x)} ∞ i=1 are independent of n this gives us a 1 (x), a 2 (x), a 3 (x), . . . explicitly. Then the general form of a i (x) was guessed and the result was proved. Note that a 0 (x) does not depend on x, but does depend on n. From the three special cases (α = 0, α = 1 and α = 2) found by A.M. Krall and L.L. Littlejohn the general form of this coefficient could be guessed rather easily and be proved too.
Later we discovered that the coefficients
have the following interesting property.
Theorem 2. The coefficients {a
i (x)} ∞ i=1 of
the differential equation given by (1) and (2) satisfy
For nonnegative integer values of α we have :
Note that this theorem implies for nonnegative integer values of α :
Proof. First we prove (3) . Changing the order of summation we find
Now we use the well-known summation formula
to find
Finally we use 1
sin πα π .
This proves (3).
To prove (4) we take α ∈ {0, 1, 2, . . .} and start with
Now we use
For j = 1, 2, . . . , k we obtain
and for j = k + 1, k + 2, . . . we find by using the summation formula (5)
.
For the last sum we find 
So we have
The inner sum equals zero if k − j > α + 2. Hence
Now we use the Vandermonde summation formula
This proves (4).
Some preliminary results for the Sobolev Laguerre polynomials
In this section we look for a differential equation of the form
for the polynomials
where the coefficients A 0 , A 1 and A 2 are defined by
For details concerning these generalized Laguerre polynomials and their definition the reader is referred to [5] and [3] . Of course, since
are given by (2) . Although the general form is still an open problem so far, we know that the differential equation given by (6) is not unique as in the case of the differential equation (1). We introduce the notation 2, 3 , . . . . Now we can prove the following theorem :
satisfy the following infinite order differential equation :
Proof. The proof is very easy and is based on the observation that
To prove (9) we change the order of summation to obtain
Now we use the definition of the classical Laguerre polynomial
Hence, by using the summation formula (5) we find
which proves (9) . The proof of (10) is much shorter :
By using these formulas (9) and (10) and by using the definition (7) of the coefficients A 0 , A 1 and A 2 we find
This proves (8).
In the special cases α = 0, α = 1 and α = 2 differential equations of the form (6) are found too. In these three special cases of integer values of the parameter α we find a linear differential equation of formal order 4α + 10. By formal order we mean that for special cases (M = 0 or N = 0) the true order might be lower. We give the results, but we will not give any proofs here.
The special case α = 0
If we take α = 0 in (2) we find a 0 (n, 0, x) = 1 2 n(n + 1), n = 0, 1, 2, . . .
For the coefficients {β
we find in this case
Finally, the coefficients {γ i (x)} ∞ i=0 turn out to be γ 0 (n, 0, x) = 1 120 n(n 2 − 1)(n + 2)(2n + 1), n = 1, 2, 3, . . .
Note that we have in this case :
Hence, we have found the following linear differential equation of formal order 10 :
The special case α = 1
In the special case that α = 1 we find successively a 0 (n, 1, x) = 1 6 n(n + 1)(n + 2), n = 0, 1, 2, . . . , γ 13 (1, x) = 1 36
Hence, in this case we have
This implies that we have found a linear differential equation of formal order 14 for the polynomials
The special case α = 2
If we take α = 2 we find successively a 0 (n, 2, x) = 1 24 n(n + 1)(n + 2)(n + 3), n = 0, 1, 2, . . . , 
Hence, we have
This implies that the polynomials
satisfy a linear differential equation of formal order 18.
The generalized Jacobi polynomials
In this section we will deal with the problem of finding a differential equation for the generalized Jacobi polynomials
Since the well-known second order differential equation for the classical Jacobi polynomials P
is given by
it is clear that we look for a differential equation of the form
Here we used the same definition as in [6] , but in a slightly different notation. In this case the differential equation will be unique in its general form if it exists. We introduce the notation 
we have
The general form is still an open problem, but the symmetric case α = β and M = N seems to be much less difficult. All special cases known so far (see for instance [1] ) point out that if α = β and M = N we can choose c i (x) = 0 for all i = 0, 1, 2, . . .. Therefore, we will consider this special case first.
The symmetric generalized Jacobi polynomials
All known examples seem to point out that there might be a differential equation of the form
and
This differential equation turns out not to be unique. We write
If we substitute (12) in the differential equation (11) then we finally find three equations for the coefficients {a i (x)} ∞ i=0 which are equivalent to the following two :
We introduce the notation 
Proof.
To prove this theorem we have to show that
To do this we note that the polynomials P Further we write
Now we easily obtain 
